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Abstract. We prove two properties of logic programs under the answer
set semantics that may be useful in connection with applications of logic
programming to representing causality and to planning. One theorem is
about the use of disjunctive rules to express that an atom is exogenous.
The other provides an alternative way of expressing that a plan does not
include concurrently executed actions.

1 Introduction

In this note we prove two properties of logic programs under the answer set
semantics [3] that may be useful in connection with applications of logic pro-
gramming to representing causality and to planning.

According to the first of the two theorems, replacing a disjunctive rule of the
form

P;p (1)

(where ; is the disjunction symbol and — is classical negation) by the nondis-
junctive rules
D+ not —p @)
—-p ¢ not p

is an equivalent transformation, as far as consistent answer sets are concerned.
Under some conditions, this fact follows from [1]; our Theorem 1 is more general.

Rules (1) and (2) are of interest in connection with the system of causal logic
introduced by McCain and Turner [9]. This logic is based on the “principle of
universal causation,” according to which, in a causally possible world history,
every fact that obtains has a cause. McCain and Turner point out that the prin-
ciple of universal causation needs to be relaxed in applications. For instance, in
reasoning about actions, the causes for the occurrences and the non-occurrences
of actions are usually not given. Instead, an occurrence of an action a at time ¢
is postulated to have a cause whenever a occurs at ¢. In the language of [9], this
is expressed by a; = a;. Similarly, the non-occurrence of an action a at time ¢ is
caused whenever a does not occur at t: —a; = —a;. In [9], the authors say that
occurrences of actions are “exogenous” to the causal theory. Values of fluents at



time 0 are usually treated as exogenous also. Generally, the assumption that an
atom p is exogenous is expressed by

pP=p (3)
—p = . (4)

Proposition 6.1 from [8] shows that the language of causal logic used in these
examples is closely related to logic programming. It shows, in particular, that
causal rules (3) and (4) can be translated into logic programming as rules (2).
From Theorem 1 proved below we learn that there is another way to express in
logic programming that p is exogenous: disjunctive rule (1) can be used instead.
This possibility played a role in our experiments with the use of system DLV [2]
for planning, as discussed in the next section.!

The second theorem proved in this note has to do with expressing uniqueness
assumptions in logic programming. In a language containing a binary predicate
constant p and no function constants, the constraints

< pled),p(c,d) (c#cd ord#d) (%)

(c,d, ', d' range over the object constants) eliminate the answer sets that contain
more than one atom of the form p(c,d). Essentially the same result can be
achieved using the rules

pi(c) « p(c,d),
p2( ) (C’ d)a
“pi(e),p(c)  (c#C),
sz(d),pz(d') (d #d"),

where p;, p2 are auxiliary predicates. Theorem 2 is a generalization of this fact.
Like Theorem 1, it is related to applications of DLV and similar systems to
planning. When the goal is to find a plan in which actions are executed sequen-
tially, the logic programming representation of the problem has to contain a
“no-concurrency constraint” similar to (5). The equivalent transformation pro-
vided by Theorem 2 may allow us to state this constraint in a way that provides
some computational advantages. An example is given in the next section.

2 Planning in the Blocks World

We define here a logic programming formalization of the blocks world in which
on(B,L) expresses that a block B is at a location L, where L can be a block or
the table. There is an action of moving a block B onto a location L denoted by
move(B, L). Time is represented by an initial segment of nonnegative integers

0y...,tmaz-
! For details of our experiments with the use of systems DLV and SMODELS [11] to

solve planning problems in the blocks world, see http://www.cs.utexas.edu/users/
esra/experiments/experiments.html .



The first rule of the program describes the effect of moving a block:
on(B,L,Ty) + move(B,L,T) (Th=T+1).
The commonsense law of inertia is postulated in the form
on(B,L,Ty) + on(B,L,T), not ~on(B, L,T}) (T, =T +1).
A block can be moved only when it’s clear:
+ move(B,L,T), on(B1,B,T).
No two blocks can be on the same block at the same time:
+ on(By,B,T),on(B2,B,T) (B1 # B3).
Wherever a block is, it’s not anywhere else:
—on(B,Ly,T) « on(B,L,T) (L, #L).
Every block is part of a tower supported by the table:
supported(B,T) < on(B, table, T,
supported(B,T) < on(B, B1,T), supported(B1,T) (B # By),
+ not supported(B,T).
No actions are executed at time t,,45:
+ move(B, L, tmaz)-
Both the initial values of fluents and the occurrences of actions are exogenous:
on(B, L,0) < not —on(B, L,0),
—-on(B, L,0) + not on(B, L,0),
move(B,L,T) < not ~move(B,L,T),
—move(B, L, T) + not move(B, L, T).
Actions cannot be executed concurrently:
+ move(B, L, T), move(By, L, T) (B # By or L # Ly).
Every possible “history” of the blocks world over the time interval 0, ..., tmqz

corresponds to an answer set for this program. Given this formalization, DLV can
be used to solve planning problems in the blocks world.



The two theorems proved in this note allow us to modify the last two groups
of rules. According to Theorem 1, we can express that the initial values and
actions are exogenous by disjunctive rules:

on(B, L,0); ~on(B, L,0) + ,
move(B, L,T); =move(B, L, T) + .

Theorem 2 shows that the no-concurrency constraints can be rewritten as follows:

movey (B,T) < move(B,L,T),
moves(L,T) < move(B,L,T),
+ movey(B1,T), movey (B2, T) (B1 # B»),
+ movea(Ly1,T), moves(La, T) (L1 # Lo).

Since the other rules of the program make it impossible to move a block to
two different places at the same time, the rules involving movey are actually
redundant, and the no-concurrency constraint can be expressed by the rules in
the first and the third lines. This representation of nonconcurrency in the blocks
world is used in [10].

Niemeld’s modification has a significant effect on the size of the program after
grounding. For the original program, this size grows as n* with the number n of
blocks; for the modified program, it grows as n3.

As to the computation time of DLV, each of the two modifications led to
substantial improvements for the November 21, 1998 version of the system. With
the additional optimizations incorporated in the June 11, 1999 version of DLV,
the efficiency is not affected by either transformation in an essential way.

In our recent experiments with SMODELS, the computation time was found
to be significantly affected by the second transformation. In one of the planning
experiments with 8 blocks, the computation time was reduced from 219 seconds
to 27 seconds. For a planning problem involving 11 blocks, the corresponding
numbers were 637 seconds and 113 seconds.

3 Programs

In this note, a program is a set of rules of the form
Ll;...;Lk(—Lk+1...,Lm,notLm+1,...,n0th (6)

where 0 < k < m < n, and each L; is a literal. (A literal is a propositional atom
possibly preceded by classical negation —; a literal possibly preceded by negation
as failure is called a rule element.) If k = 0, the rule is called a constraint. We
denote the set of literals in the language of a program IT by lit(II).

For the definition of the reduct ITX of a program IT relative to a subset X
of lit(IT), and for other definitions related to the answer set semantics, see [3]
or [6].



4 Theorem 1

Theorem 1. For any program II and any atom p, the programs

I
7
P;p @)
and
I
p < not —p (8)
—-p 4 not p

have the same consistent answer sets.

It is essential that the statement of the theorem is restricted to consistent
answer sets. For instance, if IT consists of the rules
p&p
pp

then the set of all literals is an answer set for (7), but not for (8).

Both the theorem and the proof below can be extended to programs with
negation as failure allowed in the heads of rules [6].

In the following lemma, used in the proof of Theorem 1, we denote pro-
gram (7) by II; and program (8) by II5.

Lemma 1. For any consistent set X of literals and any subset Y of X, Y is
closed under ITX iff Y is closed under IT5.

Proof. Let X be a consistent set of literals, and let Y be a subset of X. Since X
is consistent, at least one of the literals p, =p does not belong to X. Consider 3
cases.

Case 1: p ¢ X and —p € X. Then IT{ is
X
p;p
and IT is
X
D+
—p

SinceY C X, p¢Y and —p ¢ Y. Consequently, Y is closed neither under HIX
nor under IT5.
Case 2: p € X and —-p &€ X. Then IT is

HX

p;p



and IT5 is

HX
p

The “if part”: assume that Y is closed under IT5*. Then Y is closed under ITX.
In addition, p is in Y. Therefore, Y is also closed under IT iX . The “only if” part:
assume that Y is closed under IT;*. Then Y is closed under IT%X. As —p is not
in X due to the case assumption, and Y C X, —p is not in Y either. Then p is
in Y. Therefore, Y is closed under ITs¢ also.

Case 3: p ¢ X and —p € X. Similar to Case 2.

Proof of Theorem 1: Let X be a consistent set of literals. We want to show
that X is an answer set for I iff X is an answer set for IT;. Recall that a
consistent set X of literals is an answer set for a disjunctive program without
negation as failure iff it is a minimal set closed under this program.

Notice first that X is closed under IT{* iff X is closed under IT5*, due to
Lemma 1 for Y = X. It remains to check that

(a) X is minimal among the sets closed under IT;*
iff
(b) X is minimal among the sets closed under IT5X.

Assume (a), and consider any subset Y of X that is closed under IT5. Due
to Lemma 1, Y is closed under IT{* as well. By (a), it follows that X =Y. The
proof in the other direction is similar.

5 Theorem 2

In the statement of Theorem 2, IT is a program, Ci,...,C, (n > 0) are sets,
and p is a function such that for all ¢; € Cy,..., ¢, € Cy, its values p(cy, .. -,cn)
are pairwise distinct atoms in the language of IT. The expressions p;(c), where
1 <i<mnandc € C;, are assumed to be pairwise distinct atoms that do not
belong to the language of II.

Theorem 2. If X is an answer set for the program II; obtained from II by
adding the rules

pi(ci) (—p(C]_,...,Cn) (9)
« pi(c), pi(c) (10)

(1<i<mn,c €Ci,...,cn € Cp, c,c € C;) then

X N lit(IT) (11)



is an answer set for the program II; obtained from II by adding the rules

—plery.--yen),p(Ciy)- - (12)
(c1,6y € C1y «.oyenyChy € Cry(Clyennyn) # (Chye-sch)).

Moreover, every consistent answer set for IIs can be represented in form (11)
for some consistent answer set X for II.

The theorem asserts, in other words, that replacing constraints (12) with
rules (9) and (10) may extend the answer sets by new literals p;(c), —pi(c), but
the parts of the answer sets that belong to the language of IT remain the same.

To apply Theorem 2 to the blocks world example (Section 2), we use it to
replace the no-concurrency constraints by the rules involving move; and moves
consecutively for T'= 0, T = 1, etc., each time with

- n=2,

— (1 equal to the set of block constants,

— (5 equal to the set of location constants,
— p(c1,¢2) equal to move(cy, ¢z, T).

The proof of Theorem 2 is based on two facts. One is the splitting set theorem
(see [7] for terminology and notation). The other is a property of constraints that
easily follows from the definition of an answer set. Recall that a set X of literals
is said to wviolate a constraint

< Li,...,Ly,n0t Liypt1,...,n0t Ly,

if Ly,...,Lm € X, Lpyy1,-..,L, € X. The fact about constraints that we need
is that the effect of adding a set of constraints to a program is to eliminate the
answer sets that violate at least one of these constraints.

For any subset Y of lit(II), we define:

Y* ={pi(ci):c1 € C1,...,¢cn € Cy, plc1,...,cn) €Y}

Clearly

Y* N it(I) = 0. (13)

Lemma 2. A consistent set X of literals is an answer set for the union of Il
with rules (9) iff X =Y UY™ for some consistent answer set Y for II.

Proof. Take U = lit(II). This set splits the union of II with rules (9), and IT
is the bottom of this union relative to U. By the splitting set theorem, X is
an answer set for the union program iff X can be represented as a union of an
answer set Y for IT with an answer set for program ey (II,Y). The latter consists
of the rules

pi(ci) < (14)
for all ¢1,...,c, such that

plct,...,cn) €Y.

Consequently, its only answer set is Y*.



Proof of Theorem 2: Let X be an answer set for II;. Then X is an answer set for
the union of IT with rules (9). As any answer set for a program with constraints
without negation as failure, X is consistent. By Lemma 2, X can be represented
as Y UY™, where Y is an answer set for II. It is clear that

X N lit(IT) =Y. (15)

We will show that Y is an answer set for II,. As Y is an answer set for IT, it is
sufficient to show that ¥ does not violate any of constraints (12). Assume that
it does. That means that Y contains a pair of distinct atoms p(cy,...,c,) and
p(ch,...,c,). Take an i such that ¢; # c}. Both p;(c;) and p;(c}) are in Y*, and
consequently in X . It follows that X violates (10), contrary to the assumption
that it is an answer set for IT;.

Now we will show that any consistent answer set Y for IT; can be represented
as X Nit(II) for some consistent answer set X for IT;. Take X = YUY ™. By (15),
to complete the proof, we only need to show that X is a consistent answer set for
I1,. By Lemma 2, X is a consistent answer set for the union of IT with rules (9).
Assume that X violates constraints (10). Then X contains a pair of atoms p;(c),
pi(c') with ¢ # ¢'. Since pi(c) € X =Y UY* and Y C lit(IT), it follows that
pi(c) € Y*. This means that ¢ = ¢; for some atom p(cy,...,c,) in Y. Similarly,
¢ = ¢} for some atom p(c},...,c,) in Y. It follows that Y violates (12), contrary
to the assumption that it is an answer set for I15.

6 Related Work

Gelfond et al [4] compare a disjunctive logic program IT with the nondisjunctive
program IT' obtained by replacing each rule of form (6) by % rules:

Ly < Liy1,.--y Ly, n0t Lypya,-..,n0t Ly, not La,...,not Ly

Ly + Lk+1, .. .,Lm, not Lm+1,. ..,not Ln, not Ll,. .., not Ly,

Here each L; is a literal, i.e., an atom possibly preceded by classical negation, and
0 < k <m < n. They show that each answer set for 1T’ is also an answer set for
II. Ben-Eliyahu and Dechter [1] show that II is equivalent to II" if II is “head-
cycle free”. Their proof is based on translating IT and II’ into propositional logic;
for the two programs, the results happen to be the same.

Our Theorem 1 is different from that of [1] in two ways. First, it allows us
to replace a single disjunctive rule (1)—and consequently any finite set of rules
of this form—by nondisjunctive rules. This is not the same as completely elim-
inating all disjunctive rules from a program. Second, the disjunctive programs
we consider are not required to be head-cycle free.

Consider, for instance, the program



pig ¢ (16)
PP+ (17)
p+gq (18)
g+ p. (19)
By Theorem 1, we can replace rule (17) by nondisjunctive rules (2) and leave
rule (16) as it is. The theorem from [1] would not allow us to justify this re-
placement. It is not applicable to program (16)—(19) because this program is not
head-cycle free: its dependency graph has a cycle that goes through the atoms
p and ¢ that belong to the head of the same disjunctive rule.

In satisfiability planning, auxiliary atoms similar to p;(c) from our Theorem 2
are sometimes used to eliminate action symbols altogether [5].
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